Abstract. In knot theory, Vassiliev's 1-knot invariants are defined in a combinatorial way as finite type invariants. By a natural generalization of the combinatorial definition, one has a certain family of 2-knot invariants, which should be called finite type 2-knot invariants. They form a subspace of the whole space of "Vassiliev 2-knot invariants". In this paper we prove that it is 1-dimensional.
By the Smale and Hirsch theorem [10] , [11] , [4] , two Σ-immersions k 0 and k 1 are related by a regular homotopy if and only if e(k 0 ) = e(k 1 ). Moreover, if k 0 and k 1 are generic, then by taking a regular homotopy generically, we have a generic one-parameter family of Σ-immersions k t (t ∈ [0, 1]) being generic for all but a finite number of values t such that at each exceptional t a finger move or a Whitney trick occurs. (There exists an explicit procedure to construct such a one-parameter family, cf. [6] .) A finger move (cf. [3] , [7] , [8] , [9] ) is a regular homotopy between Σ-immersions yielding a pair of positive and negative transverse double points, whose local image is illustrated in Figure 1 in the motion picture method. The inverse operation is a Whitney trick in dimension four. It is a difficult problem to determine whether or not a given pair of double points is a Whitney pair (cf. [3] , [7] , [9] ).
Let K(Σ) (n) be the set of equivalence classes of Σ-immersions whose singularities are (transverse or non-transverse) double points and the number of non-transverse ones is n. In particular, K(Σ) (0) (denoted simply by K(Σ)) is the set of equivalence classes of generic Σ-immersions. If a Σ-immersion k has a non-transverse double point, then there exists a finger move (regular homotopy) k t (t ∈ [0, 1]) with k 0.5 = k as a bifurcation. We call the restricted homotopy k t (t ∈ [0.5, 1]) a positive desingularization, and the inverse of the restricted homotopy k t (t ∈ [0, 0.5]) a negative desingularization. The equivalence classes of k 0 and k 1 are uniquely determined from that of k. Let v : K(Σ) → F be a mapping of K(Σ) to a field F (which may be a commutative ring with unit or an abelian group). For a Σ-immersion k × whose class
, where k + and k − are Σ-immersions obtained from k × by positive and negative desingularizations respectively. Inductively, the mapping v : K(Σ) → F is extended to v :
(It seems reasonable that such a mapping is called Vassiliev's invariant of Σ-immersions, cf. [1] . The family of such mappings forms a linear space over F.) If there exists an integer n 0 such that v vanishes over all K(Σ) (n) with n ≥ n 0 , we say that v is of finite type.
Here d(k) stands for the number of (transverse) double points of k. The assumption of the theorem is equal to
Consider a special case that Σ is a 2-sphere S 2 . We call a 2-knot invariant valued over F a finite type invariant if it is extended to a mapping v : K(S 2 ) → F of finite type. This is a natural analogue of finite type 1-knot invariants and Vassiliev's invariants in knot theory. Theorem 1 implies the following theorem. 1-dimensional, i .e., they are constant maps.
Theorem 2. The set of finite type 2-knot invariants is

The Vassiliev module of Σ-immersions
Let k be a Σ-immersion whose class [k] belongs to K(Σ) (n) and v 1 , . . . , v n the non-transverse double points of k. For each n-tuple of signs ( 1 , . . . , n ), let k 1,..., n denote a generic Σ-immersion obtained by desingularizations on v 1 , . . . , v n in directions according to ( 1 , . . . , n ). Then an element The following is our main theorem, which implies Theorem 1.
Theorem 3.
Let k and k be generic Σ-immersions with e(k) = e(k ) and
Unknotted Σ-immersions
A generic Σ-immersion is called an unknotted one if it is equivalent to a standard embedding of Σ with some (or no) "trivial kinks" (see Figure 2) . We denote by u Proof. Let γ be a chord attached to u(Σ) along which the finger move is applied. Since the fundamental group π 1 (R 4 \u(Σ), * ) is an infinite cyclic group generated by the meridian of u(Σ), by arguments of [5] , [2] , we may assume that γ is a chord attached to u(Σ) trivially. The finger move brings the Σ-immersion u a pair of positive and negative trivial kinks, see Figure 3 .
Lemma 2. If a Σ-immersion k is obtained from another k by a Whitney trick followed by a finger move, then it is also obtained, up to equivalence, from k by a finger move followed by a Whitney trick.
Proof. Let V be a 4-ball in R 4 such that a Whitney trick performed in V as in Figure 1 changes k into a Σ-immersion k and a finger move along a chord γ attached to k (Σ) changes k into k . If γ is disjoint from V , the assertion is obvious. Since the inclusion-induced homomorphism π 1 (∂V \k (Σ), * ) → π 1 (V \k (Σ), * ) is surjective (in fact, isomorphic), we may assume that γ is disjoint from V .
Lemma 3 (Unknotting Lemma). For any generic Σ-immersion k, there exists a family of mutually disjoint chords attached to k(Σ) such that finger moves along them change k into an unknotted one
Proof. By the Smale and Hirsch theorem, there exists a generic regular homotopy between k and an unknotted Σ-immersion u. Using the previous lemma, we see that there exists a Σ-immersion k such that (i) it is obtained from k by a sequence of finger moves and (ii) it is obtained also from u by a sequence of finger moves. By (ii) and Lemma 1, k is unknotted. By a similar argument as in the proof of Lemma 2, it is easily seen that a sequence of finger moves may be replaced with the same number of simultaneous finger moves. Thus, from (i), we have the result.
The unknotting number of a generic Σ-immersion k is defined by the minimum number of chords as in Lemma 3, which we denote by u(k). By the proof of Lemma 3, we see that the unknotting number u(k) equals the minimum number of finger moves appearing in generic regular homotopies between k and unknotted Σ-immersions.
Proof of Theorem 3
Let k be a generic Σ-immersion and γ 1 , . . . , γ n mutually disjoint chords attached to k(Σ). For each n-tuple of signs ( 1 , . . . , n ), let k 1,..., n denote a generic Σ-immersion obtained by finger moves along γ i for i with i = +1 and by eliminating γ i for i with i = −1. When one considers a Σ-immersion with n non-transverse double points obtained from k by shrinking the chords, k 1,..., n is the same as before. Thus, in this situation, we have
Proof of Theorem 3. It is sufficient to prove the following assertion for every m ∈ N.
Assertion (m). Let k and k be generic Σ-immersions with e(k) = e(k ) and
Since u(k) ≤ m, there exist m mutually disjoint chords attached to k(Σ), say γ 1 , . . . , γ m , such that the finger moves along them change k into an unknotted one, which is u e d+2m where e = e(k) and d = d(k). Let n be an integer with n ≥ m + 1, and take parallel copies γ m+1 , . . . , γ n of γ 1 such that γ 1 , . . . , γ n are mutually disjoint chords attached to k(Σ). Therefore, we see that
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